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1 Instability of linearly coupled oscillators. Consider two linearly coupled oscillators, with
. 2
r=—wijr+ay
{jj = —w3y + b,
with eigenfrequencies wj, |w; — wa| € wi,ws, and a and b are coupling constants.

1. Look for solutions of the form z(t) = e\#, y(t) = e* and find an expression for A\? (i = 1,2)

2. Consider 0 < ab < 1. Classify the behavior of the solutions and show that the difference between the two
oscillation frequencies is increased by the strength of the coupling.

3. Consider now ab < 0 and small. Show that the system is unstable for a critical value of |ab| that depends
on w;. What happens when wy; = ws?

4. Take w; = wp, w2 = wo + €J, a = ea, b = €8 where ¢ < 1 and wy, J, o, 5 are of O(1). Define a slow time
scale T' = er (coming from wsy), and rewrite x and y as x(t) = u(t,T), y(t) = v(t,T). Expanding v and v
to first order in €, show that the solvability condition yields,

A —isorA+ 20
4w;

A=0, (1)
for the amplitude of the u oscillations.
5. Give the conditions in J, a, 5 and wy for instability. Compare with question 1.3).
6. We now consider the two coupled nonlinear oscillators,
i =—wisinz + ay
{jj = —w3siny + bx.
Close to the onset of instability, the trajectories slowly spiral out of the origin we can derive write,

2(t) = u(t,T) ~ A(T)e™" + A*(T)e ™0t + O(e),

where A(T) is the slowly varying amplitude of the oscillations. Assuming that 2.A(T) can be written in
terms of A, OrA and their complex conjugates, and using symmetry arguments, show that the amplitude
equation is of the form,

0FA = pA +ivOrA + yA? A, (2)
where p, v and v are real constants.
7. Show that the second term in Eq.2 can be removed with a simple change of variables.

8. Give the condition on v for the existence of finite amplitude stationary solutions for pu > 0.



