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Experimental progresses in manipulation techniques allow now to realize experiments on single
molecules, in particular crucial ones for the biology as DNA. By attaching the two extremities of a
single DNA molecule, from one side on a plate and from the other side to a magnetic or dielectric bead,
one can exert a controlled force on the molecule and measure its resulting elongation. The elasticity
of the molecule is thus characterized by the function linking the force and the elongation. The results
given on the figures have been obtained for a molecule of length L = 32.7 µm (97000 basepairs).

In this problem we shall study two simple modelizations of polymers and compare their predictions
to the experimental results. In the two models one consider a polymer of total length L, made of N
rigid segments of length b = L/N . One end of the polymer is fixed at the origin O, the position of the
other end is denoted R⃗. The microscopic configuration of the system is given by the N unit vectors
u⃗1, . . . , u⃗N colinear to each of the segments.
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The polymer is at equilibrium with its environment at temperature T (one denotes β = 1/(kBT )), and
submitted to a force f⃗ exerted on its free end. The density of probability of a microscopic configuration
is then

p(u⃗1, . . . , u⃗N ) =
1

Z(T, f⃗)
e−β[E(u⃗1,...,u⃗N )−f⃗ ·R⃗] , (1)

where E(u⃗1, . . . , u⃗N ) is the energy arising from the internal interactions of the polymer, and the
partition function Z(T, f⃗) ensures the normalization of this law.

1. Express the average position of the free end, ⟨R⃗⟩, in terms of Z(T, f⃗).

2. Express R⃗ as a function of u⃗1, . . . , u⃗N .

1 The freely jointed chain model

3. In this first model one assumes that the energy E(u⃗1, . . . , u⃗N ) is the same for all microscopic
configurations. What kind of interactions are neglected ?

4. Compute the partition function Z(T, f⃗) ; the axis (Oz) will be taken parallel to the exerted force.
Deduce from it the average position ⟨R⃗⟩ of the free end, and show in particular that the average
elongation along the axis z is

z(f) = L

[
coth

(
f b

kB T

)
−
(
kB T

f b

)]
. (2)

Draw the shape of this curve. Study its behavior in the limits of small and large forces. You can
use that coth(x) = 1

x + x
3 +O(x3) for x→ 0.
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186) because the low-stress data corre-

sponds to only 1% of the force required to

completely extend the molecule, where N
= 32.7/0.14 = 234.

The value of 700 A is the persistence

Chamber depth (im)

Fig. 2. (A) Magnetic beads tethered
by single DNA molecules stained
with ethidium as seen in a fluores-
cence microscope equipped with
an image-intensified video camera
(3). The beads were forced upward
by flow and pulled to the right by a
magnet. The mean diameter of the
streptavidin-coated polystyrene
paramagnetic beads (Dynabeads

M-280, Streptavidin, Dynal, Oslo, Norway) was determined by transmission electron microscopy to
be 2.9 pm with a 3% coefficient of variation (cv, standard deviation/mean). Magnetic susceptibilities
of the beads were less uniform (cv = 33%) as determined with Stokes' law. With our magnets, FM
values ranged between 0.4 and 2 pN. (B) The transit times of a single bead were measured as it was
repeatedly pulled back and forth across a 70-p1m space by the maximum magnetic force FM. The
bead was levitated halfway between slide and cover slip. Each data point represents 10 to 20 transit
times with the vertical bar being the standard deviation in those times. The depth of the chamber
was adjusted by changing its internal pressure. Circles and squares represent two different beads.
The continuous line is the correction factor of Eq. 4, but with its second term doubled to account for
the presence of two surfaces instead of one. The transit times were normalized to agree exactly with
the continuous line at the largest chamber depth used.
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Fig. 3. (A) Force versus extension data for four different X-dimer mol-
ecules (0, -, +, and 0) in 5 mM Na2HPO4 buffer (10 mM Na+, pH 8.3).
Inset: expanded vertical scale (0 to 0.5 pN). Continuous curves are from
Eq. 2 assuming L = 32.7 pm and b = 500 A (top), 1000 A (middle), and

0

length of a molecule having no bends or
curvature and has been called by Trifonov et
al. (20) the "dynamic persistence length,"
ad.y Accordingly, the typical value of 500 A
determined in bulk measurements (1) corre-

sponds to an "apparent persistence length,"
aapp, containing contributions from the dy-
namic and the "static persistence length,"
as, associated with permanent local curva-
ture (22). Because

l/aapp = l/adyn + 1/asta (5)
(20), this analysis yields asta = 1750 A.

In Fig. 4A, semilogarithmic plots of
force versus extension for individual mole-
cules in three different ionic strengths are

compared, illustrating the electrostatic con-
tribution to DNA stiffness. At lower ionic
strengths, the molecule becomes less con-
tractile and therefore stiffer according to
the FJC model. The data do not follow any
particular FJC curve obtained with a 32.7-
pIm contour length. Instead, they span
several FJC curves, making it difficult to

assign unique persistence lengths at low-salt
concentrations. If the FJC curves are re-
drawn with a contour length of 26 pxm (Fig.
4B), the data conform more closely to FJC
curves and values of dynamic persistence
length can be estimated for the three ionic
strengths, (Table 1).

These results assume invariance of the
static persistence length, a reasonable albeit
untested hypothesis. The apparent persis-
tence lengths obtained in this way are well
within the range of values determined by
bulk methods (23). The dynamic persis-
tence length is more sensitive to the ionic
strength than the apparent value measured

Extension (um)
2000 A (lower). L = 32.7 pm was chosen to agree with the accepted value
of 3.37 A rise per base pair (30), not to fit the data. (B) The same data
compared with a Langevin curve L = 26 pLm and b = 1400 A. These
values were chosen to match the low-force slope.
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value of 700 A (b = 0.14 Ipm), whereas
the high-force data approaches the nomi-
nal contour length of 32.7 pIm. The low-
est number of segments is used for the FJC
curve (inset, Fig. 3B) (N = 26/0.14 =

1124
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Figure 1 – From S. Smith, L. Finzi, C. Bustamante, Direct Mechanical Measurements of the Elasticity
of Single DNA Molecules by Using Magnetic Beads, Science 258, 1122 (1992).

5. Comment the results of figure 1, that shows several comparisons of this formula with the expe-
rimental data, for different values of b and L.

2 The worm-like chain model

6. In this second model one supposes instead that the molecule has some local rigidity : at each
articulation between two successive segments one associates an energetic cost (J/b)(u⃗i+1 − u⃗i)

2,
where J has thus the dimension of an energy multiplied by a length. Write down the total energy
E(u⃗1, . . . , u⃗N ).

7. We shall consider a continuous limit, where N → ∞ and b → 0 with the total length of the
polymer L = Nb fixed. In this limit the microscopic configuration (u⃗1, . . . , u⃗N ) becomes a func-
tion u⃗(s), where s ∈ [0, L] is the curvilinear abscissa along the molecule, and u⃗(s) the unit
tangent vector at this point. The correspondence between discrete and continuous description is
u⃗i ↔ u⃗(s = Li/N = bi). Show that the energy E(u⃗1, . . . , u⃗N ) becomes a functional,

E[{u⃗(s)}] = kBT
A

2

∫ L

0
ds

(
du⃗

ds

)2

, (3)

and express A in terms of the constants of the problem. What is the dimension of A ? Propose
a physical interpretation for it. Express R⃗ in terms of u⃗(s).

8. We shall first determine the behaviour of z(f) in the large force limit.

(a) Draw the shape of a typical configuration of the polymer in the limit f → ∞.

(b) Let us write u⃗(s) = u⃗⊥(s) + u∥(s)e⃗z, where u⃗⊥ is perpendicular to the axis of the exerted

force. Expand the expression of R⃗ and of the energy (including the term proportional to
the force) at the second order in u⃗⊥.

(c) Deduce from this that in this limit one can write z(f) = L−
∫ L
0 ds ⟨v(s)2⟩, where the average

is taken with the Gaussian weight

exp

[
−1

2

∫ L

0
ds

(
A

(
dv

ds

)2

+ βf v(s)2

)]
. (4)
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(d) To compute the previous expression one performs a Fourier transform,

v(s) =
∑
q∈Z

v̂q e
2iπ s

L
q ↔ v̂q =

1

L

∫ L

0
ds v(s) e−2iπ s

L
q . (5)

Which constraint on v̂q arises from the reality of v(s) ? Rewrite the expressions of the
Gaussian weight (4) and of z(f) in terms of the variables v̂q.

(e) Discuss the statistical properties of the random variables v̂q under the weight (4), taking
care of the constraint on v̂q due to the reality of v(s), and complete the computation of
z(f) using the identity ∑

q∈Z

1

x+ y q2
=

π
√
xy

coth

(
π

√
x

y

)
. (6)

Deduce that in the large force limit, L − z(f) ∼ L
2

√
kBT
Af . Compare this behaviour to the

result of the freely jointed chain model.

(f) Comment the comparison between the experimental results and the two models presented
in Fig. 2.

(g) What are the average fluctuations ⟨X2⟩ of the position of a quantum harmonic oscillator
of mass m and pulsation ω, in contact with a thermostat of temperature βosc ? Check that

the substitutions ℏ → 1, βosc → L, m → A and ω →
√

βf
A gives back the value of ⟨v(s)2⟩

computed previously.

It is actually possible to compute the characteristic z(f) of the worm-like chain model, without
any hypothesis on f , by exploiting this analogy with quantum mechanics. In the following we shall
sketch this method.

9. In the continuum limit, the partition function of the model for a polymer length L, with the
constraints u⃗(s = 0) = u⃗i and u⃗(s = L) = u⃗f on the orientations of its extremities, reads∫

u⃗(0)=u⃗i
u⃗(L)=u⃗f

D{u⃗(s)} exp

[
−
∫ L

0
ds

[
1

2
A

(
du⃗

ds

)2

− βf⃗ · u⃗(s)

]]
= ⟨u⃗f |e−LĤ(f)|u⃗i⟩ , (7)

where Ĥ(f) is a quantum mechanical Hamiltonian. Give its expression, and precise the space on
which it acts.

10. Deduce, in the limit of large polymer length L, an expression of the partition function in terms
of ε0(f), the groundstate energy of Ĥ(f).

11. Express then the average elongation z(f) in terms of |ψ0(f)⟩, the normalized eigenstate of Ĥ(f)
associated to ε0(f).

12. Recall the basis of eigenstates of Ĥ(f = 0). What are the non-zero matrix elements of Ĥ(f) in
this basis ?
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Fig. 1. Squares are experimental
force versus extension data for
97 kb X-DNA dimers from figure
3 of (2); solid line is a fit of the
entropic force required to extend
a worm-like polymer. The fit pa-
rameters are the DNA length (L =
32.80 + 0.10 plm) and the per-
sistence length (A = 53.4 ± 2.3
nm). Shown for comparison
(dashed curve) is the freely joint-
ed chain model (2) with L = 32.7
KILm and a segment length b =

100 nm chosen to fit the small-x
data.

Alvaro Pascual-Leone et al. (1) report that
cortical motor output maps change systemat-
ically as subjects practice a reaction time task
when a sequence of stimuli is patterned, but
not when the sequence is random. Implicit
learning, measured by comparing improve-
ment in reaction time in patterned conditions
with that in random conditions, was correlat-
ed with growth in the maps. Pascual-Leone et
al. assessed explicit learning every 120 trials
by asking subjects to try to describe the pat-
tern; by their definition, explicit learning had
occurred only when the subject could describe
the pattern with complete accuracy. The
maps returned to baseline conditions about
the time explicit learning occurred. Pascual-
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rate method for determination of L and A for
DNA in solution, in part because the inter-
pretive theory is simple. For example, exclud-
ed volume effects are minimal for unstretched
DNA with L ' 100 kb, and are further re-
duced by extension. The systematic underes-
timation of F for x > 31 Vm may signal the
breakdown of the conventional bending elas-
ticity, because beyond that point the correla-
tion length (kTA/F)1/2 becomes less than the
double helix period. Further mechanical stud-
ies of DNAs that are supercoiled, single-strand-
ed, intrinsically bent, or in contact with pro-
teins should prove even more interesting.
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Leone et al. suggest that the growth in the
maps reflected implicit learning and that the
return to baseline reflected some kind of
transfer from implicit to explicit learning.
This conclusion is post hoc and is inconsis-
tent with other research on implicit learning.

Implicit and explicit learning can occur
independently (2, 3), whereas Pascual-Leone
et al. seem to regard the former as a precursor
of the latter. In their experiment (1), subjects
were asked to recall the pattern after every
block of 120 trials, a procedure that is likely to
have induced an explicit learning strategy.
Assuming that implicit learning is automatic,
both forms of learning probably occurred si-
multaneously under these conditions. If so,

the changes observed in the maps could re-
flect a number of stages in implicit learning or
explicit learning, or both, and not necessarily
a shift from one to the other.

But the maps may not reflect implicit
learning at all. Pascual-Leone et al. appar-
ently assumed that implicit learning in the
reaction time task is a motor process, but
that assumption is suspect. Implicit learning
is evident in this task even after the map-
ping of effectors to responses is changed (4)
and when subjects are first exposed to the
repeating pattern only by watching it with-
out making a response (5). Without a spe-
cific rationale for relating implicit learning
to the cortical motor output maps, it is not
clear that the growth in the maps is related
to implicit learning.

It seems more likely that explicit learn-
ing caused the growth in the maps. Mean
reaction time was about 200 ms five blocks
before explicit learning supposedly occurred
and was under 100 ms two blocks before.
Such fast reaction times suggest that sub-
jects knew in advance what stimulus to
expect, which suggests explicit learning had
occurred. Reaction times faster than 100 ms
have previously been regarded as anticipa-
tions, and such responses are strongly cor-
related with, although perhaps not com-
pletely diagnostic of, explicit knowledge
(3). The subjects in the study by Pascual-
Leone et al. had apparently acquired explic-
it knowledge well before they were so clas-
sified, perhaps because the procedure in-
duced an explicit learning strategy. Thus,
the greatest growth in the maps was strong-
ly related to explicit learning. Moreover,
implicit learning has been shown to begin
early in practice, in the first 100 trials (3,
6). At that stage of the experiment of Pas-
cual-Leone et al., there was little, if any,
change in the maps. Both the growth in the
maps and the return to baseline were most
likely caused by explicit learning. Perhaps
the growth is caused by increments in ex-
plicit knowledge and the return to baseline
by overlearning or automatization.
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Explicit and Implicit Learning and
Maps of Cortical Motor Output

on D
ecem

ber 2, 2020
 

http://science.sciencem
ag.org/

D
ow

nloaded from
 

Figure 2 – From C. Bustamante, J. Marko, E. Siggia, S. Smith, Entropic Elasticity of λ-Phage DNA,
Science 265, 1599 (1994).
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